!I ol o il Ml e ) e BRI T MR RS W CRSA Rr r hl L (3]

. method 15 2 systemat ' Lrigie] ;
:..'cwiti“ﬂ" 3:[111.'[1\ ] Mit rnldlh: Prm':dl[r': using successive numerial integration in which shear
oy, bending moment , slope or rotation “Q” and deflection *“v™" are obtained. Unless stated

' ;"I ; ! ) z - | | : { i
i lowing sign conventon, which is universally accepted will be adopted in all further discussion.
" i) Sheat IUITE 15:":]' : h structural member which is acted upon by a system of external loads at
Al agles 10 l?h 2315 15 KAWL &5 beam, Thle shear force at the cross-section of a heam 15 defined as the
™ vertical force to the right or left of the section. We know that as the shear force is the unbalanced

palance ; : :
# | force. there fore 1t tend 10 slide one portion of the beam, upwards or downwards with respect 10 the

il PSR : o
ot THE dicar foree Q" which will be taken to be positive is shown in figure (3.4) and figure (3.5) below :
Q
| |
3 i} J
[ l |
Q s
. Q
Figure 3.4 Figure 3.5
jon tends to slide upward or

we take the shear foree at a section as positive, when the left hand port
he right hand portion tends to slide downwards or in other words shear force “()" acting atthe ¢ nds of un

afinnesinally small element show in figure (3.4) produce a clockwise couple, When & particulart Crass-
wction of a member is being considered, the positive shear force either cide of the section act in the

Firection as shown in figure (3.3},

Similarly we take shear force at a section 4§ negal
downword or the right hand portion tends 10 slide upwards.
1o positive shear force will also he taken to be positive.

(ii) Bending Couple and Bending Moment (B.M.) : The bending moment at the cross-section of
4 heamn. is defined as the algebric sum of the moments of the forces, to the right or leftof th
clockwise and anti-clockwise hending couples are taken to be positive and negative respectively. This
sign convention is usually referred i as the frame convention. We take the bending moment al & section
ds to bend the beam at that point to & cuFvalure having concavity at the (0p a8 shown in

ive, when the Jeft hand portion tends 10 slide

The shear strain and shear siress comesponding

e section. The

a5 positive 1l ten
figure (3.6) below
Cm-flw-a1 Top
Sagaing
Fiqure 3.6

ng moment at a section as negative if it tends (o berd the beam that point 10

wherz s, we take the bendi
in figure (3.7) below :

a curvature having convexity at the 1op as shown
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Concavity at Top :

"'*-'-.q_H_IR
"n..,i

Hogging
i Figure 3.7 _

Prritive bending moment is often called =agping moment where as negative bending momeyy *
often called hﬂEglﬂg MAameEnt.

Hipn: the bending moment comprises a pair of bending couples, onc clockwise and the other ang.
clockwise the sign convention for bending couples cannot be carried over to bending moment.

By adopting above sign conventions and tiking upward forces to be positive, the relationships betwer,

the intensity of load W, shear force (0, bending moment M, curvature ¢, slope or rotaion 8 and deflecyig,
y may be expressed as ;

Q=] Wdr -~ Hlfa)

M =] de Mg
= —ﬂ g “Iﬁ']

Y m

0=[6dx - 1itd)

y=[8dx Ailfe)

On the axis of the member, the structural member is divided into several pancls or scgments by
points called panel points or nodal points. This can be done for the sake of numenical integration, Butfor
the sake of convenicne, generally the panels of equal lengths are preferred. While sturting the process of
numerical integration, the loads are replaced by their statically equivalent forces acting at the pane
points. Few cases in which the bending moments at the panel points are known or can be determined
casily, the numerical integration process may start with the bending moments or curvatures. The curvatuge
over every pancl may first be replaced by equivalent concentration at the panel points. For finding the
curvature or equivalent load at the the panel points, any suitable distribution of loads or curvatures may
be assumed. For this purpose, trapezoidal rule and the parabolic rule are commonly used,

1. Trapezoidal Rule : Here we tske the y-axis along the centroidal axes of the segment and the
function may represent the loading or the bending moment. It is assumed that the function F (x) varies
linearly with x. The variation of the function along segment AB of length ks represented by a trapezium
as show in figure (3.8) below : !
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Figure 1.9

p
apea of the trmpeziun is el to the sum ol 1 ok
atroid of T oand Q. These conditions muy beexpressed by

and O and the the
&oviect 1o the conditions that the

apndof the trapezinm coincides with the ¢e

& fsaing equations . i fes s
pSsp+Ph=p +Q y
P V(b
g hPh
M.— T e
ptg 3 P+Q s
v oneentrEions are given
From these equations, the equiy alent concen s
P= E(I p+q)
7 Y (1)

= R oy
q:ﬁ[-—ﬂ' F arabolic. Consider 1wo

Vo Function s p :
ariation ol the abala is completely

- we that the varail :
e “mt‘r:dlgﬁm “';-:‘:;::;; =ji'* s shown i figure (2.1 () because pur
4 | [ T

He nis PO ! oo
e least three of s andinates wre g1 i

fined only when at
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equal 1o 10, 12,9, 7 and & Nfm respectively as chown in figure,

thz——

 NUMERICAL METHODS IN Crvi £y,

! . ﬁn} functionor the ondinstes at P, Qumd R be equai 1o g, g and r pa
YAIRES O

ek : sively. The equivalent e e T
e il ,1|:“m5 fively, oqu COnCEMininion, L YT
i puancts PQ anil QR B et i - Pmﬁ-'. a4
CHEVE ot 5 "~

s and ford

he panel PQ and @tﬁi and R atQand R for the pancl QR 2s shown iy g (23

i |
F |

J ;!
P Q.- = R
| T
- i| —t k -
2 ] L
Figure 3.11 ]
May be determined from the following equations o
P+ QQP = .!i{-‘“:. -?Eﬂ
Qor *R=Agr Vi
Agr For = KA i

Where Aqp Ay are areas in panels QF and QR as shown in figure (10) and ¥5p- -TJZE i E_Lm 3
of centrosds Df.ﬁﬂpand:hm irom QQ and shown n figure {3.11}. ;

Following are the steps according 1o which the process of successive pumericsl imeration o ;
carriod out. Procedure is explained with the help of the Simply supponiad heam ac showt inthe Seme 503 E
el : -

{1 ]

| | Tremm
T w i :
24 m 24 TEim 24m '('J‘-.,.
P e B
- R s T
2 175 151 5 5= .
Figure 3.12

..-___'__.___._..-. R | T e el e R

Step 1 : Divide the heam in to a convenient number of in & i s i
; ) panels. Here in shove exzmple fris &=
in o four panels each having alensth k=24 m. The accuracy of numerical mm—ﬂwﬁtﬁ :
numbes of panels but it also increases the computations. The moment of inestia decreasss Fnearty £ 7
atPLE}IEIQﬁmwiﬂﬁﬂﬁm-mmmifﬁﬁﬂflﬂﬂjﬂgn?ﬂﬂ“mﬂFﬂiﬂFEQ_g_ijT#

-

e

S

LA R e

i v
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e 1

rmine the Joad concentrations W at all panel points using either the trapezoidal rule

SRS

L
]

‘ﬁ g £ DA
- ol :
¥ ’ﬁﬁ.‘bﬁﬂ e “ﬁﬁimdiﬂ rule is used, equations
] o
B P==
j =(2p+ D)
o
'v" Q=—(2g+ p,
’i’ - 5 P)
EIi gve the values of the equivalent load concentrations W at cach end of a panel with fé ag the
1 e
% g FactDd. The net equivalent load concentrations W, at the interior panel points Q. R and 5 arc
T;ﬁ.lﬂpd by adding the WO concentrations. When the parabolic rule is used, there are two alicmakive
-‘ . hes. In the first approach, firstly two adjacent panels P and QR are tiken and the puivelent
B,.{.:unr.ﬂn‘llﬂiﬂns W are computed at the ends of panels. PQ and QR from equation.
= h
P=—(Tp+ihy= L NI a)
- 4t p+6g—r)
Qp == (3p+10g=7) _VTE)
| : 24
I
EQR = —h-[3l"+ 10g = ) . VIlic)
24
Fan NI
R=—I (Ir+bg- 1 .
3 T 6g- P
Adding .‘iqr and ﬁqﬂ _the ciuivalent concentration at panel puint B,
0= %:z +20g+2r) R

ft should be noted that the areas and Agg and the position of their centroids may be determined
heﬁe following equation.

by representing the parabolic curve by
f{I}=ﬂ1+ﬂgI+ﬂ3I Vil
where the constants ay, a; and a; may be determined by noting that the values of f(x) at P.QundR
are p, g and r. 2
Note : Determine the areas Agp and Agy and their centroids from equation (VIIT), putin equation
(V1) and solving for the equivalent concentrations, we get the set of equation VIL : ‘
Now again the panels RS and ST are trealed in 4 similar manner. The values ohtained are shown in £t
h : Ly WL il
the tzhle with common factor a8 o The two values at panel points Q,Rand5 are added, giving the net *i 1
| ' 2 w8
i sequivalent load concentrations. Below we give the bending moment diagram, shear force diagram and : ii; _5_‘:’:
deflection curve for the giiven beam, figure (3.12). ' % 1%
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Figure 3,13 : Shear Force Diagram

=l ok e ¥ T 4y T
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Figure 3.14 : Bending Moment

‘i
;]

:'-\.:3
-
.

200 07EN

(+) ‘ G, BAE]

TrLIEL (=)

200.88/E ]
Figure 3.15 : Panel Slope Diagram

Fiqure 3.16 : Deflection Curve

In the second approach, the load concentrations at the extreme panel points I und T gre caleulsted
from equations VI{a) and V) respectively and those at the interior points Q, B and § are cabeulsed

from equations VIIE) and VI(c), The values obtained are with common {actor ﬂ-. ~The twi values a

panel points Q, R und 5 are added algebrically giving the net Bquivalent load concentrations Wa. T :
second apporach is generally believed 1o give better results. These values are heing used for further 2
=nlenlations, i

i S“:I'] lI' DE[E“TI“:H: “1!.- "'E‘l'lll..-l.l] reaction lIIll"lu ol [ h}' ldhl”b MOments nhﬂ"l ]-. “r the .l:'{.lﬂl'r'ﬂ!':nt Iﬂ;]i -I
Dn-‘."cnlnlu‘rna w :

.H‘ E'.'ﬂ.ullFﬂ.il‘hﬁfig‘m.m-hm _'il Bk, a—
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ey
fi‘iﬁ 7 6 3 - 2
"..PKE- - 13 ,}—4 96 -(141 + 13 — x 7.2
& 24 '

|2

TR

h ]
~{119 +99) = E ®48-(309+85)x 111 x24=0

PE—— -

h

i
prical equilibriurm of forces,

¥ FF:mﬂ# L+
i h

I
i2—4 - 494 % o

"-'T=|1133+ 141 + 137 + 119 + 99 + 89 + 85 + 89)

s (&
=39 (%

may be assumed arbitranly an
plained in step (V).

rce in each of the four
g actual distribution
called panel shear an

d corrected latter by means of a linear correction 10

astant over (e
equivalcnl

Thc‘-'all.hE of 1"r+a,
izﬂgﬂ]ﬂg !'mm:ﬂtﬁ 3.-5 2x
IV ; Determine the shear fo
ﬁiﬁmgﬂ: of the panel because th
ceamsted Joads. The ghear force is

QPPQ =V, +Wro

panels. The shear force 15 €O
load has been replaced by the

4 denoted by “Qp™

e cimc]

Qp =QPPQ +Wr

R
h L S _‘F'.]

me EQFI:H '!'w.ITR

h i i
_33[24] 21 [24] >4
Qp,; = Ures ™ WS

h f h ]
=— A R = =309 —

s 135[14] Y [24] [14

e ar diagram or shear force diagram.

figure {13) to obiain the panck sh
the mﬂpﬂﬂivﬂpmls.'l'hs shear

The panel diagram or § ram, The panel shears arc shown in the
force dingram comprises . e of rectangles. Panel shears are shown in the table also.
hown in figure qnd table, find the bending moments a the pane!

paints.
The bending moment at 20Y P is equal to the arcd of the

(1idz of the panel point.

anel point

|
|
|

AR
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b

B - " % -
il A P B B A AW Ealt ) i ey e A ot S i e Bl S e e S S g = L i e L

I
2
Mg = My + Sy g
o It
- 1e13s 'I_r.]::-c h = L’rﬂ‘l[-— ]
g J-H[ 5'1'] (kS [11 24

My = M -|"'~:!|-l;.ﬂ. wh

W 1 _“. wh =
-uﬁl:]';l[ﬁ] W}[l’r]

e bending moment diagrant i shown in figure (14). values ure glsp

These values are used (o drw
alyown in the fable,

e bending noment ot 'T is found ta be zero becatise the correct value of V , was used in step (IV), ©

h ! : =
- » : v —_— HI||' | I: Ial rv 5 L=
Alermatively V iy be assumed arbitearily to be equal o 3['"[ 24 ] wen this value of ¥, is used, e .

are show in the tahle. Further, 1':'1!-:5113; the bcnding moment at A to be zero, the

arbitrary panel shears {}'F. - - %
ay be determined by proceeding from left to right i

' ¢
arbirary bending moments at other panel poinls M"m : o ;| a0
and .‘-lﬂ:cﬁi'ﬁ'ﬂ}' adding the areas of the arbitary pancl shear diagram as shown in the table. The hendmg_ :

|

h ! ; ;
: 3 - — | 3 nding moment at T must be zem, 2
moment Mg at T thus works out 1o be E-‘M[ =3 | Since the bending

4 J* ' '
correctionof 244 [2—1 ]e:l:wuld he applied at T. The correcting moments M” vary linearly from 14¢[E [ B

4t T to 7o at A as shown in table. The linear correction of moments is equivalent so rotaling 'IiI!B ﬂﬂl_']'t{'g %
or un corrected bending moment dingram such that the condition of zero moments at both ends 15 satistes

The comect values of the bending moment shown in table ure obtained by adding M’ and M givet J
tahle colums, :
| e

: ; b : _ OE e

Step VI: Using equation § = —--E} and the values of the bending moment irom the table, deter! ;

. ) I "-ﬁ.: .'.-

the curvature & represents the intensity of load W* on the conjugate beam, Therefore, ttl"” (.:IJI"I-H é
dingram of the original beam represents the load diagram of the conjugate beam. Here’ et :'E_
"W is used to distinguish the conjugate beamn from the original beam, 1

i
gﬁth 2
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i psing the values of W*, find the equivalent curvature concenrations & at the panel

,..L‘F i pARIET 35 the equivalent load concentrations in step I1 Using equations VIl{a) and
‘“i @% el points P and T and equations VII(b) and VII(c) for the pancl points Q. R and $ the
Ay II'" I-'

.,*J.-
:-ﬂ LH
%I el Y adding

%q - that ‘., sy ¢ for the onginul beam ure equivalent 1o W * and w,, for the conjugate beam,
n

i De:[enmm: the end slopes at end P by taking moments ahout T of the equivalent
Sep vl :

}m .0

I
- 2951 7.2
(1767+295 }[5‘;’& =

h3
b - 34953 w4 R
{3331.7 3495.3) [575 Bl 1

v anEe concentrations -t';- are shown in table. The net equivalent curvature concentrations

the two values at panel poims Q, R and 5. Note that this step is sumilar to step 2.

576 El

o e B

& :
2 w24d=0 5
‘{335“"”5}[5%&] 5
P
=02 [
or g, =9 277.8 =76 e _
1 the i1
Alternatively, the value of 8 may be assumed arbitrarily and luter comected hy calculating
alues B,y and ¥ similar to step V. When the concept of conjugale heam 15 :-u
arhitrary or uncomected values B, ¥ L ¢
i i ue THk. e
e, this step involues the determination of the support reaction Vy, and Pin the conjugate %
Step IX : From the end =lope Bp and the equivalent curvatire concentrations @, find the pancl ;
.
E-Iw HF‘ - %
6 : o
B, = O 1 Pra | i
Y ongf o 3
52t 576 EL “1 576 El : | _ Mf:

— 3336{ ——— S
7 515Eﬂ
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These panel slopes are used (o draw the panel slope diagram as shown in figure (3, 15). Moy

this step is similar to step IV and that the panel slope 8p in the original beam is analogoys ¢, gy
Op in the conjugate beam, hﬁ' :

Step X : From the panel slopes Bp, find the deflections y at the panel points, Since (e Aol -:_
uny point is equal to the arca of the panel slope diagram om the left hand side of the pane pninlma'

= 8336 it
Y0 =5 e
ﬁ-l-
o o= 11954
R [5?5 El ]

Ir"
Vg =§745
376 El

These values are used to draw the deflection curve figure (3.16). It should be noted tha u:_l'.-
determination of deflection y from curvature ¢ in the original beam is analogous to the determinasmd 2

bending moment M* from the intensity of loading W* in the conjugate beam.

In order to draw the shear force diagram, the values of the shear force at the panel pmml}m%'l
determined from the equivalent laod concentrations. 3

=W, =aokl-
QF A 94[14}

Qq =Qpo + Wer

It ki
=36} — |-1 — =
() lze) ==

) -
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= —309] L Yo gof F ) = —a0s] —]
L24) L ﬁ 24

Trese values are nsed to draw the shear force diagram. The slopes at the pancl poinks may be
ned i6 similar Manner using the equivalent curvature concentrations and panel slopes,

x ]:,,-Er.-].mpie

[ M o - ¥ 1
= 53151 T ]— tT[ﬂ[:’jﬁ ] =] ﬁiﬁ".]tm -

In various examples, in the calculations which are armanged w twbular fiorn, the Rilo- Neow o atud
cetreare used as the units of force and length respectively, Quantities in the rables are represented by the
allowing syTubols.

1 = momentof incriia,
@ = intensity of load taken positive when upwand.

= cquivalent load concentrations.

)
B, = mneteguivalentload concentrations at panel points.
1, = arbimary, tnal ar uncorrected panel shears.

M° = arbitmary, tal or uncorrected bending moment A panel puinis.

A" = linear coemections to arbitrary. wial or uncomrected bending moment ol ] proints,
M = comected bending moment ot panel points,

Qp = cormecied pancl shear.

Q = shear force of the panel points.

§h= -':FE = curvature at panel points in the original beam.

=  intensity of load @* in the conjugate beani.

g = cquivaient cirrvature concentration at pancl poinis n the orginal bean,

= cquivalent load concentration @ inthe conjuge b,

g, = mnet erwiﬁlml curvatine concentration s pane proints in original beai.
= nct equivalent load concentration @ in the conjugate beam,
| G = arbitrary, trial or ancorrected paned stopes in onginal e, et
i = arbitrary, trial or uncorrecied panel sheares q‘; i e comjugale beam, )
!
h‘h‘.—a—. =
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W Example 1020, Uiy Mitne s et froad fined vt 4 groen Sey’ e v — 2 = Ogiven yid = L
yid [ = LOHS, \ALZE = 10087, w0 = L0143 :vid4) = LOIAT, (Anne, BE., 2007

Sol. We have 3" =(2- W5k = fix)  [uny)

Then the starting values of the Milne's method are

21"
T Bud
Y =41,y = 1.0049, [ =0.0485
Xp =42, ¥, = LODDT, £, = 0.0467
rp=44, v, = 10143, [, = 0.0452
x, =44, ¥, = L0187, f, =0.0437
Since ¥, 15 required, we use the predictor

=4, y=1 T =0.05

4h
}.;Pf = (26 =+ 2f",)

400.1)

(h=0.1)

x=45, yi? = 10049 + —= (2x 2.0467 - 0.0452 + 2 x 0.0437) = 1.023

2-y"  2-(1023)°

fi = s = 0.0424

Burg S5xd5

h
Now using the corrector yi™' =y, + 3 (fy + 4f, + f2), we get

g

01
Y =1.0143 + = (0.0452 + 4 % 0.0437 + 0.0424) = 1,023,

Hence ¥(4.5) = 1.023.
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IE:nmpiu 10.21, Given y" = x(x* + y) ™, ¥ih = : 1, find yntx=0102and 0y,

Tﬂ"«l‘ﬂrh SrFleR i rlrl'-l"'.l I'Ihll- |.|'.I."rllr:|uh ¥ (1,41 |I|':. l‘“‘”I' i .'C Frid |-|I|l -!.II -"I-"l.'ll'l‘ B .r, . .:'I'I, i)
Sal. Gwcn w0 =1and h =01 -
We have yixl = xix® + yhe 3 ¥
: i = Jix? & oyt - 1-“} +(3rf + v e 22y ¥ e

_F—TE_-l _1-|,ez+"5;,'2+_}1+2.'r."|-"'r'! .!l"l:ﬂ}-]-

B e o ael e 2 4 Dy’ — Bx — 2y — 2oy = Dyy
PR mm e o -y 4 B T 2y T+ ORT R SRR T ¥i0) =~ 2

Substituting these values in the Tavlor's series,

'3
yix) = y(0] + -'—1# [ﬂ‘-'+? Y0+ 2

1 o “ o -
W01} = 1+ (0.1 (0} + = (0.1 (1) + . Lip1? -2+

=1+ 0.005 - 0.0003 = 1.0047T Le., 1.005

1 = 1.005, h = 0.1
Now taking r=01,%0.1) =1 =
¥10.1) = 0.03%, +90,1) =0.848 J ¥ (0.1} =— 1.247
Substituting these values in the Taylor’s series about x = 0.1,

0. 1‘F m 1
(0.2} = 901} + % 3 I.'ﬂ.l}l+( ¥ (0.1} + R V(1 | 1
5 (0. 11‘* d
_1.005 + (0.1) (0.082) + 2 ;] 0819) + 01 (- 12471+
= 1.018
Mow taking x =02, w0.2)=1.018, h = (1.1

L'\-" (0.2) = 0.176, ,FH{U.E} = ﬂ.'.l"i', .}'“'Lﬂ-f-ﬂ = .819
Substituting these values in the Taylors seres

$(0.3) = ymznﬂﬂnzn[ﬂ;’ *'mzh':”%” YO e

= LO18 + (0.0176 + 0.0038 + 0.0001

= 1.04
Thus the starting values of the Milne's method with & = 0.1 are
x, =00 ¥=1 fo=y,=0
% = 0.1 ¥, = L005 f, = 0.092
oy =02 ¥, = 1.018 f, = 0.176
H=03 ¥y = 1.04 f,=0.26

Using the predictor, y/7' = y, + 4_; (2fi - fa + 2f3)
- ‘”‘; D (210.082) - 0.176 + 2(0.26)]

= 1.08.

x=104 P = 1.09 f, = ¥10.4) = 0.362
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Using the corrector, ¥ = g + %‘ (fo +4f + [

¥ = 0.018 + 9-,11 10,176 + 4(0.26) + 0.362) = 1,071
Bienes ¥0.4) = 1071,

B Example Iﬂ.._'-‘.'ﬂ, Using Runge-Kutta method nf wreler 4, find y for x = 0.1, 1.2, 0.3 piven
that dyfdx = xy + ¥, ¥} = I, Continue the solution at x = 0.4 using Milnes method

IISl. lI-"r-.r.|r. ”.. .Irf. rl-|L"\'.'h.. E'I":'I"}FI
Sol. We have

Ta find v0.1) :
Herex, =0, Yo=1, h=01,

fix, ¥} = xy + 32,

Ry=hflxg, v, = (0.1)70, 1) = 0.1000
ko = hf [r.] + %h, ¥g + %k]] = (011 f10.05, 1.03] = (0.1155
k= b ixﬂ F3hdu+ 3l | = 01 f0.05, 1057 = 01172
k. =k flx, + k, v, + ky) = 10.1) fl0.1, 1.1172) = (.13598
k= éikl + 2k, + 2k + By
= El{ﬂ.l +0.231 + 0.2343 + 0.13598) = 0.11687
Thus y0.1) =y, =y, + k= 11168,

To find ¥(0.2) :
Herez, =0.1,y, = 1.1169, 2 = 0.1,

k, = h flx,, y,) = (0.1) fl0.1, 1.1169) = 0.1359

by = hf [_1:1 + %h,_}r] ""Elht] = (0.1) A0 15, 1.1848) = (1581

by = hf[:-:l +éh,;ﬁ + ;kﬂ] =(0.1) fl0.15, 1.1959) = 0.1600

k, =k flx, +h,y, +ky) = (0.1) 10.2, 1.2778) = 0.1888
k= é[k1+2k2+2kn+k*] = 0.1605
Thus W02} =y; =¥y + k= 1.2778.
To find v0.3) :
Here x, = 0.2, ¥, = 1.2773, A = 0.1.
: k, = h fix,, v,) = 0.1 0.2, 1.2773) = 0.1887
ky = hf [J-'z * "21”'1}"2 + %k.] = (0.1) f10.25, 1.3716) = 0.2224
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- —————

1 e
ko= hi|xy+ —2}-."!,:.;2 ¥ Ekﬂ] = (0.1) f10.25, 1.3885) = 0.997-
k,=hflx, + h, ¥+ o) = {0.1) 0.3, 1.5048) = 02718

b= 1;{.!‘;] + 2k, + 2k, + ) = 0.2267

Thus y03)=y, =y, + %k = 1504
Now the starting values for the Milne’s method are :

x, =40.0 ¥y = 1.0000 fu = 1.0000
T B ¥, = 11169 f, = 1.3591
x, =0.2 ¥o = 12773 » = 1.B869
x, =03 ¥y = L5049 fi=2.7132

Using the predictor,
¥ =yt g @fi -+ 2f)

x, =04 .7 =1.8344 f, = 4.0988
and the corrector,

fe h :
yi' = Y2 % 3 (fy + 4f + f,) yields

Yl = 1.2773 + ﬂ—; [1.8869 + 4(2.7132) + 4.098]

= 1.8386 f, = 4.1159.
Again using the correclor,

yi) = 1.2773 + G—,‘u;‘ [1.8869 + 4(2.7132) + 4.1159]

= 1.8391 fy =4.1182
Again using the corrector

¥ = 1.2773 + % 1.8869 + 4(2.7132) + 4.1182]

= 1.8392 which is same as (1).
Hence y(0.4) = 1.8392.
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W Example 1020, Uiy Mitne s et froad fined vt 4 groen Sey’ e v — 2 = Ogiven yid = L
yid [ = LOHS, \ALZE = 10087, w0 = L0143 :vid4) = LOIAT, (Anne, BE., 2007

Sol. We have 3" =(2- W5k = fix)  [uny)

Then the starting values of the Milne's method are

21"
T Bud
Y =41,y = 1.0049, [ =0.0485
Xp =42, ¥, = LODDT, £, = 0.0467
rp=44, v, = 10143, [, = 0.0452
x, =44, ¥, = L0187, f, =0.0437
Since ¥, 15 required, we use the predictor

=4, y=1 T =0.05

4h
}.;Pf = (26 =+ 2f",)

400.1)

(h=0.1)

x=45, yi? = 10049 + —= (2x 2.0467 - 0.0452 + 2 x 0.0437) = 1.023

2-y"  2-(1023)°

fi = s = 0.0424

Burg S5xd5

h
Now using the corrector yi™' =y, + 3 (fy + 4f, + f2), we get

g

01
Y =1.0143 + = (0.0452 + 4 % 0.0437 + 0.0424) = 1,023,

Hence ¥(4.5) = 1.023.
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IE:nmpiu 10.21, Given y" = x(x* + y) ™, ¥ih = : 1, find yntx=0102and 0y,

Tﬂ"«l‘ﬂrh SrFleR i rlrl'-l"'.l I'Ihll- |.|'.I."rllr:|uh ¥ (1,41 |I|':. l‘“‘”I' i .'C Frid |-|I|l -!.II -"I-"l.'ll'l‘ B .r, . .:'I'I, i)
Sal. Gwcn w0 =1and h =01 -
We have yixl = xix® + yhe 3 ¥
: i = Jix? & oyt - 1-“} +(3rf + v e 22y ¥ e

_F—TE_-l _1-|,ez+"5;,'2+_}1+2.'r."|-"'r'! .!l"l:ﬂ}-]-

B e o ael e 2 4 Dy’ — Bx — 2y — 2oy = Dyy
PR mm e o -y 4 B T 2y T+ ORT R SRR T ¥i0) =~ 2

Substituting these values in the Tavlor's series,

'3
yix) = y(0] + -'—1# [ﬂ‘-'+? Y0+ 2

1 o “ o -
W01} = 1+ (0.1 (0} + = (0.1 (1) + . Lip1? -2+

=1+ 0.005 - 0.0003 = 1.0047T Le., 1.005

1 = 1.005, h = 0.1
Now taking r=01,%0.1) =1 =
¥10.1) = 0.03%, +90,1) =0.848 J ¥ (0.1} =— 1.247
Substituting these values in the Taylor’s series about x = 0.1,

0. 1‘F m 1
(0.2} = 901} + % 3 I.'ﬂ.l}l+( ¥ (0.1} + R V(1 | 1
5 (0. 11‘* d
_1.005 + (0.1) (0.082) + 2 ;] 0819) + 01 (- 12471+
= 1.018
Mow taking x =02, w0.2)=1.018, h = (1.1

L'\-" (0.2) = 0.176, ,FH{U.E} = ﬂ.'.l"i', .}'“'Lﬂ-f-ﬂ = .819
Substituting these values in the Taylors seres

$(0.3) = ymznﬂﬂnzn[ﬂ;’ *'mzh':”%” YO e

= LO18 + (0.0176 + 0.0038 + 0.0001

= 1.04
Thus the starting values of the Milne's method with & = 0.1 are
x, =00 ¥=1 fo=y,=0
% = 0.1 ¥, = L005 f, = 0.092
oy =02 ¥, = 1.018 f, = 0.176
H=03 ¥y = 1.04 f,=0.26

Using the predictor, y/7' = y, + 4_; (2fi - fa + 2f3)
- ‘”‘; D (210.082) - 0.176 + 2(0.26)]

= 1.08.

x=104 P = 1.09 f, = ¥10.4) = 0.362
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Using the corrector, ¥ = g + %‘ (fo +4f + [

¥ = 0.018 + 9-,11 10,176 + 4(0.26) + 0.362) = 1,071
Bienes ¥0.4) = 1071,

B Example Iﬂ.._'-‘.'ﬂ, Using Runge-Kutta method nf wreler 4, find y for x = 0.1, 1.2, 0.3 piven
that dyfdx = xy + ¥, ¥} = I, Continue the solution at x = 0.4 using Milnes method

IISl. lI-"r-.r.|r. ”.. .Irf. rl-|L"\'.'h.. E'I":'I"}FI
Sol. We have

Ta find v0.1) :
Herex, =0, Yo=1, h=01,

fix, ¥} = xy + 32,

Ry=hflxg, v, = (0.1)70, 1) = 0.1000
ko = hf [r.] + %h, ¥g + %k]] = (011 f10.05, 1.03] = (0.1155
k= b ixﬂ F3hdu+ 3l | = 01 f0.05, 1057 = 01172
k. =k flx, + k, v, + ky) = 10.1) fl0.1, 1.1172) = (.13598
k= éikl + 2k, + 2k + By
= El{ﬂ.l +0.231 + 0.2343 + 0.13598) = 0.11687
Thus y0.1) =y, =y, + k= 11168,

To find ¥(0.2) :
Herez, =0.1,y, = 1.1169, 2 = 0.1,

k, = h flx,, y,) = (0.1) fl0.1, 1.1169) = 0.1359

by = hf [_1:1 + %h,_}r] ""Elht] = (0.1) A0 15, 1.1848) = (1581

by = hf[:-:l +éh,;ﬁ + ;kﬂ] =(0.1) fl0.15, 1.1959) = 0.1600

k, =k flx, +h,y, +ky) = (0.1) 10.2, 1.2778) = 0.1888
k= é[k1+2k2+2kn+k*] = 0.1605
Thus W02} =y; =¥y + k= 1.2778.
To find v0.3) :
Here x, = 0.2, ¥, = 1.2773, A = 0.1.
: k, = h fix,, v,) = 0.1 0.2, 1.2773) = 0.1887
ky = hf [J-'z * "21”'1}"2 + %k.] = (0.1) f10.25, 1.3716) = 0.2224
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- —————

1 e
ko= hi|xy+ —2}-."!,:.;2 ¥ Ekﬂ] = (0.1) f10.25, 1.3885) = 0.997-
k,=hflx, + h, ¥+ o) = {0.1) 0.3, 1.5048) = 02718

b= 1;{.!‘;] + 2k, + 2k, + ) = 0.2267

Thus y03)=y, =y, + %k = 1504
Now the starting values for the Milne’s method are :

x, =40.0 ¥y = 1.0000 fu = 1.0000
T B ¥, = 11169 f, = 1.3591
x, =0.2 ¥o = 12773 » = 1.B869
x, =03 ¥y = L5049 fi=2.7132

Using the predictor,
¥ =yt g @fi -+ 2f)

x, =04 .7 =1.8344 f, = 4.0988
and the corrector,

fe h :
yi' = Y2 % 3 (fy + 4f + f,) yields

Yl = 1.2773 + ﬂ—; [1.8869 + 4(2.7132) + 4.098]

= 1.8386 f, = 4.1159.
Again using the correclor,

yi) = 1.2773 + G—,‘u;‘ [1.8869 + 4(2.7132) + 4.1159]

= 1.8391 fy =4.1182
Again using the corrector

¥ = 1.2773 + % 1.8869 + 4(2.7132) + 4.1182]

= 1.8392 which is same as (1).
Hence y(0.4) = 1.8392.
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W Example 1020, Uiy Mitne s et froad fined vt 4 groen Sey’ e v — 2 = Ogiven yid = L
yid [ = LOHS, \ALZE = 10087, w0 = L0143 :vid4) = LOIAT, (Anne, BE., 2007

Sol. We have 3" =(2- W5k = fix)  [uny)

Then the starting values of the Milne's method are

21"
T Bud
Y =41,y = 1.0049, [ =0.0485
Xp =42, ¥, = LODDT, £, = 0.0467
rp=44, v, = 10143, [, = 0.0452
x, =44, ¥, = L0187, f, =0.0437
Since ¥, 15 required, we use the predictor

=4, y=1 T =0.05

4h
}.;Pf = (26 =+ 2f",)

400.1)

(h=0.1)

x=45, yi? = 10049 + —= (2x 2.0467 - 0.0452 + 2 x 0.0437) = 1.023

2-y"  2-(1023)°

fi = s = 0.0424

Burg S5xd5

h
Now using the corrector yi™' =y, + 3 (fy + 4f, + f2), we get

g

01
Y =1.0143 + = (0.0452 + 4 % 0.0437 + 0.0424) = 1,023,

Hence ¥(4.5) = 1.023.
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| UNIT 2

CHNIOU
EREN CETE E
rINITE DIFF - e pmbl T

E;:'-"it i:: ifferential equations)

I-_*,
b

2.1 INTRODUCTION

In Engineening Muthemat
OX AT e thiwls or if the "-u'lll'l..l. b
lin such cases, the numer u,nl

Initinl value Problem -.-- :

The general solulion '!-:;i_:

WHETE €, Cay vevvs Ly i
If certain fixed values s
obtuin a particular ﬁﬁtuti{m
given at the same point the
vilue problem.
It the n conditions ang
conditions is called b --_I'_

First of all, we shall &
2.2 EULER'S METH
Consider initial val
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| { T e

L Kt
5
el j I lx vhdy
LT |
¥

Vi =Ygk f Slx vlde faisg m

1) is the approximate value

%
i (2} becomes

. Fyuation
¥ = Yo

Yi=Yi-t 1

¥ = ¥y i

Above egn. is called Euler’s
Note ¢ Euler’s Method is
iesired accuracy we shill take s
g solution so obtained 15 far di
setter form of it called modified Ex

Consider the initial value prob

Sennid with CaviSzanien



[ METHODS IN CIVIL Engy,.

NUMERICAL

y# f yr )
E (x !Jr"_l * ki -
.":rn =y F 1” =l

cations where two CONSECUtiVE Approyipy

' stop inte
M) ig the nth approximation we

where
almost equal. 0.1) and v (0.2} by Eyle,: k
Giv hat L=y—x mw:.rrmﬂ*ﬁ"’“'“ it
j Example L Given i (PT1

upic twer decimal places. o
J Sel The given snitial value pr

take h=1.1 |
We are to find the value 0¥

By Euler’s formula

Now,
By Euler's Method
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GE—KI.HTA METHOD mcﬂlﬂemfm There methods give the %tm_-
b onder derivative and are named as the oy

Taylaois sgries m

method
There methods 2re prefersed (@ Ihjrlms
derivatives is seved

(a} First Order Runge-Kutta ¥ -
Cansider the intial value problem

sﬂiﬁmﬂhﬂﬁ as the labour of -Eﬂ.lﬂlliiﬂing hlgj'kt[ .-

From Euler’s method, we ’T

Also from Taylois series metho

From (1) & (2) we 5¢€ =_:Ej
considered upto first order deriv

-« Euleis method is ltn_: Ru
Second Order Rung;

Consider the intial volug

Modified Eul
s the Runge-Kutta me
The second order
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Nl s TECHNIQUE
- . gungs Kutts Method
,.1*‘ I;l::.,.f yalue problem

- by

g’ fII ¥ 'F{.I"] = ¥p

;Hun:ﬁ-ﬂmmin

1
- E'J’{:‘+E{i;+4kl+k}}
| ky = hflxg y)

arde
o rhird

Where

uwurﬂmﬂﬂ*ﬁm hird o
_ u;mihllﬂnrﬂﬁ'

lmﬂiﬁiﬁm______ re
Cuwider the initial value
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T R b L

Again

i : 3 Apnhan

NUMERICAL METHODS I\ ¢y,

B J, +:'EL] uzﬂ,f[m?_;i“t!zq

k, ’ﬂf(xﬂ"'_t 2 2
hJ:Hﬁf{ﬂlEﬁ 1025]"]-1‘15{3

*-".l,. l)h.*
‘\.": '.|

5, 1.23856) = 0.13379

-
, 1.2248) = 0.1328

Gilgk
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Example 8 Fit the paradeda v = g 4 by 4 ev* fo the diti

o

il

!

¥,

g

f

‘I

[

1

{7

25

0.3

Sol. Let the Reguired Corve he

A monmnal equations ane

=g hy 4 1*."-""r

=g ¥t 4 hEx+a

Loy = T+ b I.l: + 4 Xy

Efv=cLet 4 b Ev 4 g Evd
x ¥ xd xd ¥ xy xty
=1 i ] 0 0 0 0
l. 1.8 1 | 1 1.8 1.8
2 1.3 4 8 16 2.6 5.2

3 2.5 27 51 1.5 22,

4 6.3 16 el 234 25.2 1008
10 12.9 30 100 354 A7l 130.3

equations (13, (2) and (3) becomes
29=30c+ 10b+q

On solving (4), (5) and o)

Hence, required curve is

Nl=100c+30b 4 10«

1303 =354 ¢ ¢ 100 b+ 30
c=055b=1.07 4= 1.42

¥=0552+ 107 k4 142
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TIAL 5
LUE PROBLEM .
- olve the equarion S e i+ with boundary patnts (0, Opand (7 1.5} using
Example 4. Solve 10€ . : r
it i,

Sol. Given : WAl

vy =ae

NI

and (0, 0, (2. 3.3) are points.
Thist is v (01 = 0 y(2)= 1.5

Here O =land F=3 e
Uisé polynomial trial functions up to degree 3, If we define u (x) 45

S
u{,.:,=-d_f+ C, () (x=2)+Cy () (x~2) W i

The residual is, after substituting u (x) for v (1)
Rx)=u"+u-3% L3
which becomes, when we differentiate u twice 1o get u”

:
() = I+C1 [(x=2) + 3]+ C; [xF +2x(x~2)]

= u'[:}=1+CI{11—21+C1 (352 —4x)]

u" f.l'} 2C3+E3{ﬁ:r 'ﬂ'

7 | |
R()=2C,+C; (61~4) +—“r +G 204G -22-32

~ Since there are two unknown constants, wmnﬁkﬁmhmmmﬁMM
o know which two points will be the best choices, we arbitrarily take as + = 0.7 and x = 1.3, These

#ﬁgﬂ@bMaHMNMM anm:ufmmuuwﬁmaﬁﬂ
o m si
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A

Jllowing table compares the approximation with the exact solution

X y (¥)

e o

0.00 0.00
0.10 0.00

030 0.00
0.50 0.02
0.60 0.03

0.70 0.06
0.80 0.10

0.90 0.16
1.00 0.24

12 | 0.49
130 -
4D - b o
160 oL

1.10 0.35

1.60 050
L0 L aon
180 | ase

0.00
0.05
0.09
0.11

=013

0.14
0.16
0.18
0.22

008
036
00

0.60
0.78
1.00
127

50

1 97 = o

=009
- on

0D

= 0:13

=01

-0.12

. ol

003 -
—0.11
=010

0l
009

o Ll
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